REPRESENTATIONS OF THE RATIONAL CHEREDNIK 
ALGEBRAS OF DIHEDRAL TYPE 



TATYANA CHMUTOVA 



Abstract. In this paper we describe the Jordan-Holder series of the standard 
modules over the rational Cherednik algebras associated with the dihedral 
group. In particular, we compute the characters of the irreducible representa- 
tions from the category O and classify the finite dimensional representations. 



1. Introduction 

The rational Cherednik algebra Hk{W) for a complex reflection group W arises 
from the study of Dunkl operators f |Du| . [nn] ). and is an important special case of 
symplectic reflection algebras ( |EG| ). 

In the recent years, a number of authors studied representations of H\<,{W) (see 
e.g. |(j(j()kl lBEG BEGHinniiniinol)- Spedhcally, the paper |(KX)R| deflnes 
the category O for H\^{W), and shows that its basic structure is quite similar to 
the structure of the category O for a simple Lie algebra, studied by Bernstein, I. 
Gelfand and S. Gelfand. In particular, the main problem about this category is 
to flnd the characters of the irreducible modules in O and their multiplicities in 
standard modules. 

Although many partial results are available, this problem remains open in all 
interesting situations. The goal of this paper is to solve this problem for dihedral 
groups, which is the simplest nontrivial case. We describe the structure of the 
standard modules over rational Cherednik algebras corresponding to the dihedral 
group I2 {d) . The structure depends on the parity of d. 

When d is odd the Cherednik algebra depends on one complex parameter. For 
general value of the parameter, all the standard modules are irreducible. The 
set of exceptional values consists of a finite number of arithmetic progressions of 
rational numbers, each with the common difference 1. For these values, the standard 
modules have length at most 2, and at least one of them is reducible. The category 
O is not semisimplc in this case. This classification is given in theorems 13 . 1 . II and 

Em 

The case of even d is more complicated since the Cherednik algebra depends on 
two complex parameters. If the values of the parameters do not belong to four 
exceptional families of lines, all the standard modules are irreducible. For generic 
points of the exceptional lines the maximal length of standard modules is 2 and 
at least one is reducible. The category O for these values of parameters is not 
semisimple. At the points of intersection of the lines in these families, the structure 
of the standard modules might be complicated, and the length might reach 4. For 
some of the intersection points even the category of the finite dimensional modules 
is not semisimple. This case is described in theorems 13 . 2 . 21 and 13.2.31 
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2. Preliminaries 

2.1. Let be a finite real reflection group, f)R be its reflection representation, and 
f) be the complexification of this representation. Fix a non-degenerate M^-invariant 
scalar product (— ,— ) on t). Denote by the same sign the induced scalar product 
on f)*. Let C be the set of all reflections s € W. To each reflection s G S we 
associate its fixed hyperplane iJg, a nonzero linear function as G f)* which vanishes 
on Hs, and the element aY = e h. In other words, to each s we associate 
the corresponding positive root as and coroot . 

Let us fix a H^-invariant function k : S* C, where W acts on S via conjugation. 

Definition 2.1.1. The rational Cherednik algebra H\^{W) is an associative algebra 
generated by all elements of W, f)*, and f) with the following defining relations: 

wxw"^ = w{x), wyw~^ — w{y), [x,x'] — 0, [y,y'] = 0, 

[y,x] = (y,x) - ^ k{s){y,as){as,x)s, 

where x, x' G f)*, y, y' e t) and w £ W (see also jECxp . 

2.2. For rational Cherednik algebras there exists an analog of Verma modules (see 
|BEGp . called standard modules. They are indexed by irreducible representations 
of W. Let V be an irreducible representation of W. It can be considered as a 
representation of C[W] k C[()*], where y E i) acts by 0. 

Definition 2.2.1. The standard module M\^{V) over Hk{W) corresponding to V is 
defined by the formula 

Mk(F) = Hi,{W) (»c[w]xc[t,-] V. 

Definition 2.2.2. The standard module Mk{V) and its quotients are called mod- 
ules with lowest W-weight V . 

As a vector space, M\^{V) is naturally identified with C[f)] (E) V. Hence the usual 

grading on C[f)] induces a grading on Mk{V). 

The standard module Mk{V) has a unique simple quotient Lk{V) (see jDOl)- 
An important special case of standard modules is Mk(triv), which is also called 

the polynomial representation of H\^{W). The space of this representation is C[f)]. 

An element w € W acts on C[f)] in the natural way, a; G t] acts by left multiplication, 

and the action of y G f) is given by the Dunkl operator 



(1) Dy^dy-Y^k{s)'-^{1-S). 

ses " 

Definition 2.2.3. A vector in Mi^{V) is called singular if it is annihilated by every 

In particular, the singular vectors in Afk(triv) are exactly those annihilated by 
all Dunkl operators. 
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2.3. Every rational Cherednik algebra contains a canonically defined sl2-triple: 

i i i 

where {xi} and {yi} are dual orthonormal bases of ()* and [}. Therefore, every 
lowest weight 7/k(M^)-inodule M is also an s^-module from the category O. The 
element h is ly-invariant and satisfies the relations 

[h,x]^x, [h,y] = -y 

for all a; e i)* and yet). The spectrum of h on M is Z^o + ^Oi where hg is the 
lowest weight of h on M. 

Remark 2.3.1. The generalized eigenspace of h with eigenvalue ho +i consists of 
all the elements of degree i in M. 

As in the case of Lie groups, one can define the category O of i?k(W^)-inodules. 

Definition 2.3.2. The category O is the category of i?k(W^)-inodules M, such 
that M is a direct sums of finite dimensional generalized eigenspaces of h, and the 
spectrum of h is bounded from below. 

Standard modules AI\^{V) and their quotients are objects of the category O. It 
is known that {L\^{V)}veirrep{w) are precisely the simple objects of O. 

For M £ O, let M — ®aMa be its h-weight decomposition. 

Definition 2.3.3. The character of M is a formal power series in t given by 

XM{9,t) ^Y.^v\^Jg)t% 

a 

where g G W, and Tr|j^^ (g) is the trace of g-action on Ma- 
The character of the standard module Mk{V) is given by 

where ho{V) = ^ dimi) — {J2ses ^i^)^)\v lowest weight of h on Mi^{V) (see 

lEEH) . formula (1.5)). 

Remark 2.3.4. For any character e : W C* there is a symmetry between 
H\^{W) and H^\^{W). Namely, there exists an isomorphism H\^{W) ^ Hs\^{W), 
which acts identically on f) and f)*, and sends w G W to e{w)w. This isomorphism 
induces an equivalence of categories of representations of these algebras. Under this 
equivalence, M\^{V) goes to AIek{£ (X" V). 

3. Results 

The group hid) acts via refiections on [)r ~ C. The subset 5 C of reflections 
consists of elements Sj : z t—i- uj^z, where uj = c^^^l'^ and 1 ^ j ^ d. 
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3.1. The case d = 2m + 1. All the reflections in S are conjugate, and an l2{m)- 
invariant function k : 5 ^ C is a constant function k = c G C. Denote by He the 
corresponding rational Cherednik algebra H\^{W). 

The irreducible representations of l2{d) are: the trivial representation triv, the 
sign representation sgn, and two-dimensional representations rj, where 1 ^ / ^ m. 
The representations t; are realized on the span of {z', z'}. 

In what follows, we denote the product dc by r. 

Theorem 3.1.1. The structure of Mc{triv) for different values of c is described in 
the table below. 



Values of c 


Structure of the standard 
module 


Character of the 
irreducible quotient 


<r = ±1 (mod d) , 
where 1 ^ Z ^ m 


Mc (triv) has a submodule iso- 
morphic to Lc{ti). The quotient 
is irreducible of dimension . 


det 

det 




< c = n + i, 
where n £ Z 


Mc{tm) has a submodule iso- 
morphic to Afc(sgn). The quo- 
tient is irreducible and infinite 
dimensional. 


det 


sgn(g)i2'- 


Other values of c 


Mc (triv) is irreducible. 


t'-- 

det 


1 

^(1-5*) 



The description of the Mc (sgn) follows from theorem j^.l.ll bv symmetry (Remark 

EH. 

Theorem 3.1.2. Fix 1 ^ I ^ m. The structure of Mc{ti) for different values of c 
is described in the following table. 



Values of c 


Structure of the standard 
module 


Character of the 
irreducible quotient 


<r = ±1 (mod d) 


Mc{ti) has a submodule isomor- 
phic to Mc(sgn). The quotient 
is irreducible and infinite dimen- 
sional. 


, Xt, (g) - 1'' , . 
det ^l - gt) 


> r = ±1 (mod d) 


Mc{ti) has a submodule isomor- 
phic to Mc(triv). The quotient 
is irreducible and infinite dimen- 
sional. 


det 


(g)-i-'- 
^(i-gi) 


Other values of c 


Mc{ti) is irreducible. 


t 

det 


Xtj (g) 

^(1-5*) 
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Remark 3.1.3. All the standard modules over He are of length either 1 or 2. 



3.2. The case d = 2m. There are two conjugacy classes of reflections: {s2i}i^i^m 
and {s2i-i}i^i<m- Hence a VF-invariant function k : 5 ^ C is a pair (^1,^2), 
where fci = k(s2i+i) and = k(s2i). Let -fffci.fea denote the corresponding rational 
Cherednik algebra H^^iW). 

The group hid) has four irreducible one-dimensional representations: triv, sgn, 
£1, £2 = £1 (8) sgn, and (m — 1) two-dimensional representations r;, 1 < Z < m. The 
representation £1 is defined by 

£i(s2i+i) = 1, ei(s2i) = -l, 
and Ti's are realized on span{^;', ^'}. 

Remeirk 3.2.1. Note that sgn = n and £» 77 = Tm-i for i = 1,2. 

The structure of the standard iJ^^ jt^ -modules depends on the location of the 
point (fci,fc2) with respect to certain exceptional lines on the complex plane of 
parameters {ki,k2). We distinguish the four families E:^, E~, Lj, of parallel 
exceptional lines: 

• for every integer r, non divisible by m, let 

E+ := {(fci, k2) : fci + fc2 = r/m}, E~ := {(/ci, ^2) : ki - k2 = r/m} ; 

• for every integer i, let 

L] := {(fci, fe) ■.ki=i+ 1/2}, _ |(^^^ k2):k2 = i + 1/2} . 

By symmetry reasons, in order to describe the standard modules induced from 
one-dimensional representations, it is enough to describe Mfej,fe2(triv). 

Theorem 3.2.2. Depending on the location of the point (^1,^2), there are following 

seven cases for the standard module Mfcj^fc2(t'''v)- 

(i) (fci, fc2) G E+ for some r > 0, and (fci, fc2) ^ , if for all i > 0. 

In this case determine a,n integer I in the range 1 ^ I < m from the 
congruence r = ±1 (mod 2m). Then Mfc^^fe^ contains a submodule 
isomorphic to Lk-^^^k^{Ti). The quotient is irreducible and has the character 

, detl (l-oi') 
Lfcj,fc2(triv) det|j^(l — gff) 

In particular, its dimension is . 

(ii) {ki,k2) e for some i > 0, and (A;i,/s2) <^ E+^Lj, for all r, i' > 0. 

In this case the modmle Affe^ (triv) contains a submodule isomorphic to 
LkiM^^'^) — MkiMi^'i)- The quotient is irreducible and infinite dimen- 
sional. The character is given by the formula 

^ = ^l-m(fci+fc2) ^ ~ ^'^"'^^XeAa) _ 

ifei,fe2(triv) ' det|j^(l — 5*) 
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(iii) (fci,A:2) e Lf, for i' > 0, and (fci,fc2) ^ E+ , L} for all r, z > 0. 

/n t/iis case the module Mfcj_fc2(triv) contains a, suhniodule isomorphic to 
Lki,k2{si) — -^fei,/c2(^i)- quotient is irreducible and infinite dimen- 

sional. The character is given by the formula 

ifei,fe2(t™) ' det|j^(l — 5t) 

(iv) (fci, fe) e n L,^ (resp. (fci, ^2) G -E+ n Ll) for some r, i, i' > 0, and 
fci < k2 (resp. < fci). 

Determine an integer I from the same conditions r = ±1 (mod 2m) and 
1 ^ I < m. We have the following inclusions of the submodules 

-^*;i,fc2(triv) D Mk^^kA^2) 3 Lk^,k2{Tl) 

{resp. Mfci,fe2(t''iv) D Mki^k2{£i) ^ Lk^Min) ) . 

The quotient Mk^,k2{s2)/ Lk^Mi'^l) {resp. Mk^,k2{£i) / Lk-^^i'^l))' 
reducible. The quotient QkiM = ^^fci,fe2(triv)/Mfej,fe2(^2) (resp. Qfei,fc2 = 
Mftj,/c2(triv)/Mfej,/c2(£i)) contains a submodule PkiM isomorphic to 
LkiMi^i) {resp. ifci,fe2(e2))- However, the double quotient Qki,k2/Pki,k2 
is irreducible, i.e. isomorphic to Lfejjt2(triv). 

In both cases the character 0/ _Lfcj.fe2 (ti'iv) is given by the formula 

, ^ ^i-r 1 + t^'sgn{g) - ^^"'"ig2(g) - t^^''-ei{g) 

^L>,^,k2{irv.) det|^(l-5fi) 

In particular, its dimension is equal to Am^kik2. 

(v) (fci, ^2) e E+n L\ (resp. (fci, fe) £ E+ r\ Lf,) for some r,i,i' > 0, and 
ki > k2 (resp. ^2 > fci)- 

Again, let I be an integer, satisfying the conditions r = ±1 (mod 2m) 
and 1 < Z < m. Then Mfcj^fc2(t'''v) contains a submodule isomorphic to 
LkiMi^-i) {resp. Lk^,k2{£i))- The quotient Qki^k2 = Mfe^,fe2 (triv)/Lfcj^fc2 (^2) 
{resp. Qki,k2 = -^fei,fe2(ti'iv)/i/ci,/c2(£i)) contains a submodule PkiM iso- 
morphic to Lki,k2{'ri)- The quotient QkiMl ^kiM is irreducible and has the 
character 

, detl (1-5^) 

= * TTTn 

ifci,fc2("''^) aet|j^(l — gfj 

In particular, its dimension is . 

(vi) {ki,k2) G i| n Ll for some i, i' > 0. 

In this case the module Mki^k2{^"'^) contains a submodule isomorphic to 

■^fci,/c2(sgn) =i Mfej,fc2(sgn). T/ie quotient Qk^M = Mki^k2{^m) / Lk^^k2{^gn) 
contains two submodules P^_^ ~ L^^^f^^i^i) ''-rid P^^ ^.^ ~ ifei,fe2(£2)) SMc/i 
i/iai -Pfc\,fe2 '^-^fei,fe2 = ^- ^'^^ quotient QkiM/i^kiM^^kiM^ irreducible, 
i.e. isomorphic to Lfc^_fe2(t'''v) character 

^ (ff t) = ^i-r 1 + *'''5gn(g) - t^'"fei£2(g) - t'^^-e^{g) 

Lki,k2{^™) ' det\^{l — gt) 

In particular, it has dimension 4m^fcifc2. 
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(vii) For all other values of {ki,k2) 

the module M/s^, fe2(triv) is irreducible and has the character 

1 



Lki.k2{i"^) det\^{l -gt) 

The structure of the standard modules, induced from the two-dimensional rep- 
resentations T; of the group W = l2{d) is described by the following theorem. 

Theorem 3.2.3. Fix 1 < Z < m and consider the two-dimensional representation 
Ti of 12(d). Then, depending on the location of the point {ki, ^2), there are following 
four cases for the standard module Mhi,k2{'''i)- 

(i) (fci,/c2) € E:^ for some r = ±1 (mod 2m), and {ki,k2) ^ E~, for all 
r' = m±l (mod 2m). 

The module Mfcj^fc2(r;) contains a submodule Iki,k2 generated by one vec- 
tor of degree \r\. 

Ifr>0, then Ik^^k2 - ^fei.fesCsgn). Ifr<0, then Iki,k2 - ^fei.fes (fiv). 
The quotient Mk^,k2{Ti)/Iki,k2 irreducible and infinite dimensional. If 
r > 0, its character is equal to 

^ (g^t) = t ^^\^^^~*\ sgn{g) . 

Lki,k2in) det\^{l — gt) 

For r < 0, the character can be easily obtained using symmetry arguments. 

(ii) {ki,k2) ^ Er for all r = ±1 (mod 2m), but {ki,k2) G E~, for some 
r' = m±l (mod 2m). 

The module Mki^k2{'''i) contains a submodule Iki,k2 generated by one vec- 
tor of degree \r'\. 

Ifr' > 0, then Ik,,k2 =^ -Mfei,fc,(e2). Ifr' < 0, then 7fe,,fe, ~ Mfei,fc,(£i). 
The quotient Mfej^fe^ ("^OZ-^fciife irreducible. If r' > 0, its character is 
equal to 

( ^^ 4. ^9) - I . 

X, , X9.t) = t -rz£2{g) . 

Lki,k2(Ti) det\^(l — gt) 

For r' < 0, the character can be easily obtained using symmetry arguments. 

(iii) (fci, /C2) G E:^nE~,, for some r = ±1 (mod 2m) and r' = m±l (mod 2m). 

The module Mki,k2{'''i) contains two submodules: Iki,k2 o^iT-d IkiM- 
If min{|fci|, 1^2!} G Z + 1/2, then one of these subm,odules contains 
another one; otherwise they intersect by 0. The quotient of M^^^k^^Ti) by 
those two submodules is irreducible in both cases. If r,r' > 0, then the 
character is 

^ {g^t) = tJ^IfMll^sgn(ff) 

Lki,k2iri) det|j^(l — gt) 



in the first case, and 
X, , X9,t) 



,Xn{.g)-t''sgn{g)-V £2(5) 



Lki,k2{n) det\^^{l -gt) 
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in the second case. 

For other combinations of signs of r and r' , the characters can be easily 
obtained using symmetry arguments. 

(iv) For all other values of (fci,/c2) 

the module Mi^-^ i^^{ti) is irreducible and has the character 

Lk^.k^in) detlAl ~gt) 



4. Examples. 

In order to illustrate the Theorems 13.2.21 and 13.2. Jl let us look a± W — hiS). 
The Theorem 13.2.21 gives us the following picture for Af^^^fc^ (triv) in (fci, A:2)-plane. 

k2 Notations: 




- Mfc^^fcjtriv) D Lk,,k2{ri) for some i, 

the quotient is finite dimensional; 

Mfc^,fc2(triv) D Mki.k2{£i), quotient 

is generically infinite dimensional; 

- ^fci,fc2(triv) D Mk,.k2{£2), quotient 
is generically infinite dimensional; 
■ - Mfe^^fe2(triv) contains Mk^ M2i^i) and 
-^fei,fc2 (^2), quotient is finite dimensional. 



For all the points outside the indicated lines, Mfej^^fc2 (triv) is irreducible. 
Using this information and the symmetry arguments, one can find all the values 
of (/ci, ^2), for which there exist finite dimensional representation of Hkj^^k2- 
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The following table lists the finite dimensional irreducible representations for 
fci, k2 > 0. 



Values of parameters 


Finite dimensional 
irreducible modules 


Dimension 


(fci, fc2) is generic point on £"+ 




2 

r 


(fci, fc2) is generic point on E^., 


r' > 




/2 

r 


r' < 




(fci, fc2) e E+ n denoted 
by on the picture above 


r' > 


-^fei.feaCtriv), Lfej^fej(£i) 


2 /2 /2 

r — r , r 


r' < 


Lfci,fe2(triv), Lfei^fcj(£2) 


All the other (fci, ^2) G E+nE^, 


r' > 


-^fci,fc2(ti'iv), -^fci,fci(£i) 




r' < 


Lfei^fe2(triv), Lki^kA^2) 


Isolated points on the picture above 


LkiM (triv) 


64fcifc2 



Remark 4.0.4. If (kx^k-i) lies on one of the exceptional lines, the category O is 
not semisimple. 

If (fci,fc2) is one of the points denoted by in the picture above, the category 
of finite dimensional i/fej.fe^ -modules is not semisimple. For example, in the case of 
fci > fc2 > Ext^(ife,,fc2(triv),Lfci,fc2(£i)) 7^ 0. 



Applying the thcorcm l3.2.3l to Mk^^k^(T\)^ we will get the following picture: 







k2 






Notations: 












and /fei,fc2 ~ Mfci,fc2(sgn); 




X ^ 








g Mk^M^Ti) ^ IktM 

and ~ Mfci,fc2(triv); 




-^^^ —4 




^ x'^ l / — 


4^^- 


_Mfe,,fc2(n) 3 

and ~ Mfei,fc2(£2); 


XH 


X ^ 




V X \ 

y 




Mkj^,k2{Ti) ^ hiM 

and - ^4i,fc2(ei); 






y K 


'x / .X 




■ - -^fci,fc2 1^ hiM = 0; 

~ hiM C /A;i,fc2; 

- hiM ^ A-i,fc2- 



As before, for all the points outside the indicated lines, M/c^,fe2(ri) is irreducible. 



10 



TATYANA CHMUTOVA 



5. Preparations for the proofs. 

In this section we collect known results, which we need for the proofs. 

5.1. The Knizhnik-Zamolodchikov functor. We will briefly remind the con- 
struction of the KZ-functor which, maps certain modules over the Cherednik al- 
gebra to modules over the Artin braid group. A more detailed discussion on this 
subject can be found in jBEGlj . [CtGORI and |BMRj . 

5.1.1. Hecke algebras and the Knizhnik-Zamolodchikov functor. Let us first recall 
the definition of Hecke algebras associated to a reflection group W. 

Let l}reg = f)\ Uses ' "^^^ W^-action on f) preserves t)reg- Fix xq G i}reg- 

Definition 5.1.1. The Artin braid group associated to W is B\y = ■Ki{\)reg/W, xq). 

One can describe Bw using generators and relations as follows (see |Brj). Fix 
a chamber C in f), and let S be the set of reflections with respect to the walls of 
this chamber. The generators Tg are numbered by element s G E. An element Ts 
corresponds to the monodromy around the wall of C, fixed by s. The relations are 

TsTtTs ■ ■ , = TtTsTt . . . for aU s,t e S, 

m(s^ t) factors m(s, t) factors 

where m{s,t) is the order of the element st. 

Let {(/slsgx; be the set of parameters such that Qs = gt if s and t are conjugated 
to each other. 

Definition 5.1.2. The Hecke algebra 7i({qs}) of a reflection group W with param- 
eters Qs is the quotient of the group algebra of the Artin braid group Bw by the 
relations 

{Ts-l)iTs + qs) =0. 

Now let us define the Knizhnik-Zamolodchikov functor KZ. For any i/k-niodule 
M, finitely generated over C[f)], define its localization Alloc by 

Alloc = M(^c[t,] C[f)r.eg]- 

This module has a natural action of _ffk loc- 

The polynomial representation (see section E?^ gives an injective homomorphism 
-ffk ^ W K'D{t)reg), which extends to an isomorphism loc ~^ W t<'D{i)reg)- Hence 
the module Mioc has a structure of x I?(f)reg)-module, and therefore, a structure 
of VF-equivariant 2?-module on t)reg- 

Since M is finitely generated over C[f)], the module Mioc is a vector bundle over 
f)reg- This vcctor bundle is equipped with a connection V, coming from the V- 
module structure. The horizontal sections of this connection define a monodromy 
representation 

PM ■■ Mt)rcg/W,Xo) ^ GLiC""), 

where N is the rank of Mioc- 

Definition 5.1.3. A functor KZ : M i-^ pA/ is called the Knizhnik-Zamolodchikov 
functor. 

^2 / iJk(W^)-modules finitely generated \ / Finite dimensional \ 
\^ over C[f)] J \ Bw-modules J 

In case of dihedral groups the images of the standard modules under the action 
of KZ-functor were studied in details by C. Dunkl in |Dul| . 
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5.1.2. Properties of the KZ-functor. Let M be an iJk-module. If Qs = e^^'^*'*^'*) for 
all s, then the action of Bw on KZ(A/) factors through the action of Ti.{{qs})- If 
M is the standard module corresponding to a representation V of the group W, 
the obtained representation of Ti.{{qs}) is the one corresponding to V via Tits' 
Deformation Theorem. 

The following facts about the KZ-functor are important for us. 

Proposition 5.1.4. |GGOR| The functor KZ is exact. 

Theorem 5.1.5. f GGORj. Theorem 5.13) The functor KZ : O Bw -mod factors 
through a functor KZ : OjOtor ~^ 'H{{qs})-mod, where Otor is the category of 
modules, supported on the union of reflection hyperplanes. 

Theorem 5.1.6. f lBEGl| Lemma 2.10) Let N be an H\^-module, which is torsion 
free over C[[)]. Then for any M £ O the canonical map 



is injective. 

5.2. Singular vectors in the polynomial representation. Let M be a module 
from the category O. Denote by U the space of singular vectors in M. This space 
is nonzero, since the action of y's decreases the eigenvalues of h by 1, and the 
spectrum of h is bounded from below. From the defining relations of Cherednik 
algebra follows that U is preserved under the VK-action. 

Proposition 5.2.1. A module M £ O is irreducible if and only if U spans M and 
is an irreducible representation ofW. 

□ 

Hence, in order to describe the structure of standard modules, it is important to 



Denote by C/' C C/ the space of all singular vectors of positive degree. For the 
polynomial representation, this space was studied by C. Dunkl, E. Opdam and 
M.F.E. de Jeu. 

Theorem 5.2.2. (see jD.IOj ^ Consider the Cherednik algebra Hdhid)), where 
d = 2m+l. 

(1) Let c = n ± l/d > 0, where n and I are integers and 1 ^ I ^ m. Then 
U' C Mc(triv) is isomorphic to ti as a representation ofW. This space sits 
in degree dn + I. It is spanned by 



and its conjugate. 

(2) Let c — n -\- \/2 > Q. Then U' C Mc(triv) is isomorphic to the sign repre- 
sentation of W , and is spanned by the singular vector g — {z'^ — 2<i)2n+i ^ 

(3) For all other values of c, there are no singular vectors of positive degree in 
Mc(triv). 

Theorem 5.2.3. fsee |D.TO] 'l Consider the Cherednik algebra Hki.k2{l2{2m)) . The 
space U' is nonzero only in the following cases. 



HomH,{M, N) HomniKZiM), KZ{N)) 



study U. 
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(1) // (fci,fc2) G for some Q < r = ±1 (mod 2m) where I ^ I < m, then 
U' C Mfej^,fc2 (triv) contains a W-subrepresentation isomorphic to ti and 
consisting of vectors of degree r. 

(2) // (fci,fc2) G Lj for some i ^ 0, then U' C A/fc^ fc^ (triv) contains a W- 
subrepresentation, isomorphic to £2 o-'rid spanned by the singular vector 

(3) // (fei,fc2) e Lifi for some i' ^ 0, then U' C Af^^ jt^ (triv) contains a W- 
subrepresentation isomorphic to £1 and spanned by the singular vector (z™ + 

(4) //(fci, ^2) G LjnLf, for some i, i' 0, then U' C Affcj^fc2(triv) is isomorphic 
to £1 ® £2 ® sgn as a W -representation. It is spanned by singular vectors 
(z™ + z™)2*+i, (z™ - z™)2*+\, and (z™ - z™)2»+i(z™ + z™)2*'+i. 

Note that if (fci,fc2) belongs to the intersection of with some of the lines 
L\ (resp. ), then U' is the direct sum of two irreducible representations of W , 
which are described in the cases (1) and (2) {resp. (3)). The intersection of lines 
Lj and L^, is described separately in the case (4), because an additional singular 
vector appears. 

5.3. The lowest h-weights of standard modules. Let V C U C Af be an irre- 
ducible VF-subrepresentation, consisting of singular vectors. Then V is contained in 
the generalized eigenspace of h with eigenvalue ho{V). Indeed, the ideal generated 
by V is an H\^{W)-module of lowest weight V. Hence, the smallest eigenvalue of h 
on this module is hQ{V), and it is achieved on the generating vectors, i.e. on V. 

The knowledge of the spectrum of h will help us to understand [/ as a represen- 
tation of W. 

Proposition 5.3.1. (1) Let d = 2m + 1. The lowest weights of standard Hc- 
modules are given in the table below: 



A'fc(triv) 


Afc(sgn) 


M,{ti) 


l~dc 


1 + dc 


1 



(3) Let d — 2m. The lowest weights of standard Hki,k2-fnodules are given in 
the table below: 



Mk,M2 (triv) 


Mk^,k2(.£i) 


^^fei,fc2(sgn) 


Mfei,fc2(e2) 




1 - R 


l-R' 


l + R 


l + R' 


1 



where R = m{ki + ^2) and R' — m{ki — ^2). 
Proof. The proposition follows from the formula for ho{V) (see section IT^ . □ 

5.4. Some irreducible finite dimensional representations. 

Proposition 5.4.1. f jCEj . Theorem 2.3) Let W be a real reflection group, and 
V C A'fk — Afk(triv) be a W-subrepresentation of dimension d = dim(f)) sitting 
in degree r and consisting of singular vectors. Let /k be the ideal generated by V . 
Assume that the quotient representation — M\^/ is finite dimensional. Then 
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the representation Qk is irreducible. Its character is given by the formula 

detUl-gt-) 



XQ, 



det|(,.(l-5t) 



In particular, the dimension of Q]^ is r"^ . 

6. Proofs 

Remark 6.0.2. In all the classification theorem the character formulas follow easily 
from the structure of standard modules. 

6.1. Case of = 2m + 1. 

Proof of theorem \3.1.}A Let us describe the Vl^-action on the set U' of singular 
vectors of positive degree. 

Claim 1. There are no two-dimensional irreducible subrepresentations in U' . 

By proposition 15 .3 . 11 h acts by 1 on all irreducible two-dimensional representa- 
tions of W consisting of singular vectors. However, the space on which h acts by 
1, is exactly the space of vectors of degree 0, which does not intersect U' . 

Claim 2. For c n ± l/d there are no one- dimensional representations in U' . 

By symmetry reasons (see remark 3. 4|l . it is enough to prove that U' does not 
contain the sign representation. 

Suppose U' contains a ly-representation isomorphic to sgn. This representation 
generates an _ffc-submodule isomorphic to Mc(sgn) in Mc{ti). Therefore 

HomH^(M,(sgn),M,(TO) ^0. 
Both Mc(sgn) and Mc{ti) are free over C[[)]. By theorem l5.1.6l 
(2) dimHomH,(Afe(sgn),M,(rj)) ^ dimHom„(KZ(M,(sgn)), KZ(M,(rj))), 
and hence, 



(3) Hom„(KZ(A4(sgn)), KZ(M,(tO)) ^ 0. 

Let us compute the dimension of Hom-H-mod(KZ(Afc(sgn)), KZ(Mc(t;))). 
Recall that in case oi W — l2{d) the Hecke algebra 7i(g) is generated by two 
elements Ti and T2 with relations 

{T, - 1){T, + q) = 0, TiT2...Ti ^ T2T,...T2 . 

d factors d factors 

In order for theorems 15 . 1 . 51 and 15 . 1 . 61 to hold, we need q — e^'^^^'^. 

Representation KZ(A'/c(t;)) of Hlq) corresponds to t; via Tits' Deformation The- 
orem. If < c 7^ n ± ^ /d, this representation is given explicitly by: 

where c/cj = q{2 -\- uj^ + lu^^) (see |GP| . p. 268; note that in our case the sign 
of the generators is different). Representation KZ(Afc(sgn)) is given explicitly by 
Ti I— !• —q and T2 i-^ —q. 

Hence, dim[HomH(KZ(Mc(sgn)), KZ(A^c(rO))] = for < c ^ n±l/d. This 
contradicts to ||2J), and hence U' does not contain subrepresentations isomorphic to 
sgn. Claim 2 is proved. 
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From Claims 1 and 2 it follows that ?7' = for r ^ ±1 (mod d). Thus, U is the 
space of all vectors of degree in Mc(r/). It is isomorphic to t; as a representation 
of W, and spans Mc(r/). By proposition l5.2.ll Afc(r;) is irreducible for these values 
of c. Hence, the last row of the table is proved. 

Claim 3. IfO < c ~ n±l/d for some n G then U' ~ sgn as a W -representation. 
The Hc(W)-submodule I, spanned by U' , and the quotient Mc{ti)/I are both irre- 
ducible. 

By claim 1, U' does not contain two-dimensional representations of W . By 
proposition I5.3.T1 for c > it does not contain the trivial representation either. 
Hence, U' is either or several copies of sgn. 

On the one hand, the multiplicity of sgn in U' is at most 1 (specialize to one 
parameter results of |Dulj . p. 82 and use inequality |(5J). On the other hand, 
according to the theorem 15.2.21 there is a singular copy of r; in Mc(triv). An Hc- 
submodule J, generated by this copy, is not isomorphic to Mc(ri), since Mc(triv) 
is free of rank 1 over C[f)] meanwhile Mc{ti) is free of rank 2. Hence Mc{ti) is 
reducible and f/' 7^ 0. This proves that U' ~ sgn. 

The submodulc / generated by U' is isomorphic to Afc(sgn). By theorem 15.2.11 
it is irreducible. 

From proposition 15.3.11 it follows that all the singular vectors in Mc{ti)/I are 
images of singular vectors in Mc{ti). From this fact and proposition l5.2.ll it follows, 
that Mc{ti)/I is irreducible. This completes the proof of claim 3 and of the first 
row in the table. 

The second row in the table follows via symmetry arguments. □ 

Proof of theorem \H.1.1\ 

Claim 1. IfO<r=±l (mod d), then A/c(triv) contains a submodulc isomorphic 
to Lc{ti), the quotient by which is irreducible. 

By theorem 15.2.21 U' C Afc(triv) is isomorphic to t; as a representation of W, 
and consists of vectors of degree r. Denote an TJc-submodule of Mc (triv) generated 
by U' by Ic. By definition, 1^ is a module with lowest weight t;. By theorem 13. 1.21 
there are only two such modules: Mdn) and Lc{ti) ~ Mc{Ti)/Mc{sgn). Since there 
are no singular vectors of type sgn in Ic (see theorem l5. 2. 2|) . Ic ~ Lc{ti). 

For eigenvalues of h big enough, the dimensions of the corresponding eigenspaces 
in Afc(triv) and Lc{ti) coincide. Hence, the quotient Mc{tr\\i) / Lc{ti) is finite dimen- 
sional. The claim follows from proposition 15.4.11 

Claim 2. If < c — n + 1/2, then Mc(triv) contains a submodulc isomorphic to 
ic(sgn) , the quotient by which is irreducible. 

By theorem 15.2.21 U' C Afc(triv) is isomorphic to sgn as a VF-representation, 
and is spanned by a vector of degree d{2n -1-1). A submodulc generated by U' is 
isomorphic to Mc(sgn). By symmetry reasons and claim 1, it is irreducible, i.e. 
isomorphic to Lc{sgn). 

By the lowest weights reasons ('proposition l5 . 3 . l]! , there are no singular vectors of 
positive degree in Qc = Afc(triv)/Mc(sgn), and hence Qc is irreducible. Comparing 
the dimensions of h-eigenspaces one can show, that Qc is infinite dimensional. 

Claim 3. Afc(triv) is irreducible for all other values of c. 

By theorem 15.2.21 there are no singular vectors in Afc(triv) for all other values 
of c. Hence, this module is irreducible. □ 
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6.2. Case of d = 2m. 

Proof of theorem \3.2.S[ The proof is analogous to that of theorem 13.1.21 We will 
describe the action of W on the set U' of singular vectors of positive degree. 

Claim 1. There are no two-dimensional irreducible subrepresentations in U' . 

See proof of claim 1 of theorem 13. 1.21 

Claim 2. //(fci, fe) ^ E+ for all r = ±1 {mod 2m) and (fci, A:2) ^ E^, for all r' = 
m±l (mod 2m), then U' does not contain any one- dimensional subrepresentations 
ofW. 

By symmetry reasons fremark l2.3.4|l . it is enough to prove the following fact. 

Claim 2 ' . If (fci, k2) ^ for all r = ±1 (mod 2m), then U' does not contain 
any W -subrepresentations isomorphic to sgn. 

Suppose U' contains a W^-representation isomorphic to sgn. This representation 
generates an i?fcj^fc2-submodulc of ^{^-^^^^^{ti), which is isomorphic to ^/^^^^^(sgn). 
Therefore 

Hom//,^_,^(Affe,,fe,(sgn),Mfc,,fe,(r,)) ^ 0. 
Both Affcj_fc2(sgn) and Mfc^^fe^C'^O ^-i"^ over C[()]. By theorem l5.1. 61 



dimHom//^(Affei,fe2(sgn),Mfci.fc2(T;)) < 

(4) 

s; dimHom„(KZ(Affe,,fe,(sgn)), KZ(Affe,,fc, (r,))), 

and hence, 

(5) Hom«_„,od(KZ(Affe,,fe,(sgn)), \iZ{Mk,M{n))) ^ 0. 

Let us compute the dimension of Hom-H_niod(KZ(Affcj^fc2(sgn)), KZ(Affej_fc2 (t;))). 
Recall that in case of = l2{2m) the Hecke algebra H{qi,q2) is spanned by 
two elements Ti and T2 with relations 

(T, - 1)(T, + ) = 0, IjT2^_l2 = 

2ni multiples 2m multiples 

In order for theorems 15 . 1 . 51 and 15 . 1 .61 to hold, we need qj ~ ^-^-Kikj _ 
The representation KZ{Mki.k2{Ti)) of Ti.{qi,q2) corresponds to n via Tits' De- 
formation Theorem. For {ki, ^2) ^ E^ for all < r = ±Z (mod 2m), this represen- 
tation is given explicitly by: 

where C;cj = gi + 92 + ^qiq2 (uj' + t^^'') and ^Jqiqi is fixed to be e-'r»('=i+'=2) (-ggg 
[HP] , p. 268; note that in our the signs of the generators are different). Using the 
notations of |Dulj . these are formulas for — e^'^'^Af (70) and — e^'^^'^Af (71) in the 
basis /(I)}. 

The representation KZ(Afc(sgn)) is given explicitly by T\ —q\ and T2 —q2- 
Hence, dimHom„(KZ(Affe,,fe, (sgn)), KZ(Affe,,fc, (rj)) = 0, if (k^,k2) i E+ for aU 

< r = ±^ (mod 2m). This contradicts to ((Sj), and hence U' does not contain 

subrepresentations isomorphic to sgn. Claim 2 is proved. 

From Claims 1 and 2 it follows that U' — 0, when [ki, k2) ^ E^ and (fci, k2) ^ 

ii"^ for all r = ±1 (mod 2m) and all r' = m ± Z (mod 2m) . By proposition 15 . 2 . ll 

Mk^^k^{Ti) is irreducible for these values of (fci,fc2). This proves part (iv) of the 

theorem. 
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Claim 3. If (fci,fc2) G /o*" some < r = ±Z {mod 2m) and (fci,fc2) ^ El^, 
for all r' = m ± I (mod 2m) , then U' ~ sgn as a representation of W . The 
Hkj^^k2{W)-submodule Iki.k2j spanned by U' , and the quotient Mk-^,k2{'''i)/ IkiM '^''^ 
both irreducible. 

Let us prove that U' is a direct sum of representations, isomorphic to sgn. By 
claim 1, U' does not contain any two-dimensional representations of W . By propo- 
sition 15.3.11 for r > it does not contain the trivial representation either. By 
symmetry reasons f remark |2.3.4f) and claim 2', the 14^-representation U' does not 
contain any subrepresentations of type £i and S2- Hence U' is either or several 
copies of sgn . 

Let us prove that the multiplicity of sgn is exactly 1. On the one hand, the 
multiplicity of sgn in U' is at most 1 (see inequality (@J and |Dulj . p. 82). On the 
other hand, according to theorem |5.2.2l there is a singular copy of t; in M^fe^ (triv). 
An iJ/cj fej-submodule J, generated by this copy, is not isomorphic to Af/j^ fc^ ('n), 
since Mfcj^_fc2 (triv) is free of rank 1 over C[[}] meanwhile Mk^^k^iTi) is free of rank 2. 
Hence, Mki^k2{Ti) is reducible and U' ^ 0. This proves that U' ~ sgn. 

The submodule Ik^M^ generated by [/', is isomorphic to Mfej^fc2(sgn). By theorem 
15.2.11 it is irreducible. 

Denote by QkiM the quotient Mk^^k2{Ti) I IkiM- We have already proved that 
all the singular vectors of positive degree in Qk^M ^re secondary, i.e. singular only 
" modulo Iki ,k2 " ■ By proposition 15.3.11 there are two possibilities for secondary 
singular vectors: 

• if {ki,k2) G El^, for some r' > and k2 is negative, then Qki,k2 might 
contain a singular vector of type £2; 

• if {ki,k2) (z E~, for some r' < and fci is negative, then Qki.k2 might 
contain a singular vector of type £1. 

Suppose QkiM contains a singular vector of type £2. The i/fe^^fe^ -submodule 
PkiMi generated by this copy is isomorphic to Lk^^k2{^2) — -Mfei,fe2(£2)- Denote 
by N the preimage of PkiM m ^kiMi'^i)- Since Pki,k2 is generated by secondary 
vector, the following exact sequence does not split. 

^ Mfc,,fe,(sgn) ^ A4,,fe,(£2) 

Apply KZ-functor to this sequence. The representation KZ(Mfej^fc2 (sgn)) is given by 
Tj ^ —qj. The representation KZ(Mfej^fc2)(^i) is given by Ti 1-^ —qi and T2 1-^ 1. 
To find KZ{N) consider the following exact sequence 

^ N ^ Mk,,k2iri) ^ J ^ 0. 

The cokernel J is supported on [}\t)reg, and hence KZ(J) = 0. Applying KZ-functor 
to the sequence above, we will get that KZ(iV) ~ KZ(Afj,j j.^ (r/)), since the functor 
is exact. Hence, KZ(iV) is given explicitly by 

T,^( ' ' ]: T2- ■ ^ -'^^ 



ci -q^ )■■ ^ V 1 

Since KZ-functor is exact, KZ(7V) is a nontrivial extension of KZ(Mfcj^fc2 (£2)) by 
KZ(M/j^^fc2(sgn)). It is impossible, since in every such extension Tr(Ti) — ~2qi 
meanwhile the trace of Ti in KZ{N) is 1 — gi, which is not equal to —2qi for 
r' ^ m ± I (mod 2m). Hence, Qki,k2 does not contain any submodules and is 
irreducible. 

The case of singular vector of type £1 is proved analogously. Claim 3 is proved. 
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Claim 4- Let ki ^ k2 > be such that {ki,k2) G D E^, for some r = 
±Z {mod 2m) and some r' = m ± I {mod2m). Then ^/^^^^^(t;) contains a sub- 
module /fci,fc2 7 isomorphic to Mfej^.^^ (sg")j '"^'^ submodule IkiMj isomorphic to 
Mk^^kAs2)- //fc2 e Z + 1/2, then h^^k^ D h^M' otherwise h^^k^ ^ hiM = 0. 

By claim 3, M/ci^fcaC'^i) contains a submodule IkiM^ isomorphic to -/^^^^^^(sgn), 
when (fci,A;2) is a generic point of and it contains a submodule Iki,k2i iso- 
morphic to Mki.k2{^2), when (fci,fc2) is a generic point of E~,. By continuity for 
(fci, ^2) G n E~,, the standard module Mk^^k-i (ti) contains both of them. 

Suppose IkiM ^ Lki,k2 7^ 0. Let / G IkiM ^ be a vector of the minimal 

possible degree. Then / is a singular vector in both Ik^M and IkiM- The only 
singular vector in IkiM the one which generates this submodule. Indeed, by 
symmetry arguments, the structure of Mfcj^fc2(sgn) is the same as the structure 
of Af_fcj._fe2 (ti'iv). By proposition 15.2.51 the unique singular vector contained in 
M_fcj^_fe2 (triv) generates the whole module. Hence, if intersection of Iki,k2 and 

hiM is nonzero, then Ik^,k2 ^ h^M- 

Suppose this intersection is nonzero. Then in Mk-^.k2i^2) there is a singular vec- 
tor, on which J2(2m) acts by sgn. By symmetry reasons, this happens only for those 
(fci,fc2), for which Af_fej (triv) contains a submodule isomorphic to M-ki,k2isi)- 
By proposition 15.2.31 this is the case if ^2 = i + 1/2 for some positive integer i. 
This proves claim 4. 

Claim 5. Let (fci,fc2) be as in claim 4- Then the quotient Qki.k2 of Mk-^,k2(ji) 
by the submodule generated by IkiM '^'^^ ^fci,fc2 irreducible. 

By proposition 15.3.11 the only possible singular vectors in Qki,k2 of type sgn 
and degree r, or of type £2 and degree r'. 

From inequality I0J and |Dul| . p. 84, it follows that the set of singular vectors in 
^kiM^'^i) contains only one copy of sgn and only one copy of £2, i.e. is isomorphic 
to T; © £2 ® Sgn as a PF- representation. Hence, all the singular vectors in Qk^M^ 
except the one, which generates this module, are secondary, i.e. singular only 
"modulo IkiM and hiM^ ■ 

For the values of parameters that we consider, the lowest possible degree of a 
vector in the ideal generated by Iki,k2 and Iki,k2 is r' . Hence, a vector of type £2 
can not be secondary. Therefore, if QkiM is reducible, then it contains a singular 
vector of type sgn. By theorem 15.3.11 the Hk^, k2-svihmodu\e PkiM^ generated by 
this copy, is isomorphic to ^^^^^^(sgn) ~ Mfe^,fe2(sgn). 

For ^2 ^ Z -|- 1/2 the intersection of IkiM and IkiM i^ zero. Suppose that 
QkiM has a submodule PkiM- Then QkiMl PkiM^ and hence Lki,k2{n), is finite 
dimensional. But it is known (see |Ue| remark 5.7), that ifci,fc2 (''';) is always infinite 
dimensional. Hence, Qki,k2 is irreducible. 

For ^2 G Z -I- 1 /2 we have the following sequence of modules 

MkiMi^i) 3 Mk^,k2{£2) 3 A4i,fc2(sgn), 

and QkiM = Mki^k2{n)/Mki,k2{s2)- Proof of the irreducibility of QkiM is analo- 
gous to the proof of the irreducibility of the quotient in claim 3. Claim 5 is proved. 



Part (iii) of the theorem for fci ^ fc2 > follows from claims 4 and 5. For all 
the other values of parameters the proof is analogous. □ 
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Proof of theorem \3.2.S\ (i) By theorem KT^ the space U' C Mfcj^^fc2 (triv) is iso- 
morphic to n as a representation of W and sits in degree r. The submodule IkiMi 
spanned by U' ^ is isomorphic to L}~-^^^k^{Ti) since it does not contain any singular 
vectors except the one, by which it is generated. By parts (i) and (iii) of theorem 
13.2.31 Lki.k2{n) ^ Mfci,fc2(T;)/M/ci,fc2(sgn). 

For eigenvalues of h big enough, the dimensions of the corresponding eigenspaces 
in Mfc^,fc2(triv) and Lk^^uAn) coincide. Hence, the quotient Mk^^k2 (triv)/-?^fci,fc2 (^0 
is finite dimensional. The statement follows from proposition l5.4.ll 

(ii) By theorem 15.2.31 the space U' C Mfcj^_fc2 (triv) is isomorphic to £2 as a 
M^-representation. It is easy to see that it generates a submodule isomorphic to 
A^fei,fc2(e2)- 

Consider the quotient Qk^M = ^kiM^^'^'^'^)/ ^kiM^^'^)- From the proposi- 
tion [^^3 it follows that Qki,k2 does not contain any singular vectors and hence 
is irreducible. Comparing dimensions of eigenspaces of h in Mk-^^k2{^2) and in 
-^fci,fc2 can show that Qki.k2 is infinite dimensional. 

(iii) Analogous to part (ii). 

(iv) Consider the case of (fci,/c2) G i?,^ n Lj with ki < k2- The other case is 
proved analogously. 

By theorem 15.2.31 the space U' C Mfc^^fc^ (triv) is isomorphic to r; £2 as a 
VF- representation. 

A submodule IkiM -^fci,/c2 (triv), generated by a singular vector of type £2, is 
isomorphic to Mfej^^/j^ (£2). By symmetry reasons, Mki,k2{^2) has the same structure 
as M_fcj^^fc2 (triv) and hence, by part (i), it contains a singular copy of t;, which 
generates a submodule isomorphic to Lfci,fc2 ('''/)■ we have the following picture: 

Mfe^^fc2(triv) D Mfe^^fc2(£2) D Lk^^i'^i)- 

By symmetry arguments, since M_]^-^ ]^^{tr\\/) / L_]^-^^_k^{Trn-i) is irreducible, so is 
the quotient Mfc^^fc^ (£2)7X^1, fc2 (^i)- 

Consider the quotient QkiM = Mki,k2{^'^'^^) / ^kiMi^'i) ■ Comparing the dimen- 
sions of h-eigenspaces in Mfc^^fc2(triv) and Mki,k2{£2), one gets that QkiM is infinite 
dimensional. 

Since Qki,k2 has the lowest weight triv, its irreducible quotient is isomorphic 
to Lfc^,fc2(triv). For all (fci,A;2) the module Lfe^^fc2(triv) is defined as a quotient of 
Mki,k2 (triv) by the kernel of Shapovalov form. By part (i) , for generic (fci , fc2) G i?^ 
the irreducible quotient has dimension and hence dim L^^^fc^ (triv) ^ r^. 

Hence QkiM is reducible and contains singular vectors. Note that these vectors 
are secondary, i.e. singular only "modulo M/^^ ^;2(£2)". By the table of lowest h- 
weights ('proposition l5 . 3 . Jl) . there exit the following possibilities for singular vectors: 
vectors of type r; sitting in degree r, vectors of type £1 sitting in degree 2mfc2 or 
vectors of type sgn in degree 2r. 

The sequence of the dimensions of h-eigenspaces in Qki,k2 is 

(6) (1, 2, 3, ... , 2fcim, 2fcim, 2kim, ...). 

Since Lfcj^fe2(triv) is a finite dimensional s^-module, the sequence of dimensions of 
its h-eigenspaces is finite and symmetric with respect to the 0-eigenspace. From 
the table of lowest h-weights (proposition 15.3. f() it follows that h acts by on 
polynomials of degree r — 1. In order to make the sequence © symmetric, Qki,k2 
has to contain a unique up to proportionality singular vector, which is of type £1 
and sits in degree 2mk2- This vector generates a submodule Pk^M isomorphic to 



REPRESENTATIONS OF THE RATIONAL CHEREDNIK ALGEBRAS 



19 



ifci,fc2(£i)- From the sequence of dimensions of h-eigenspaces in QuimI Pki,k2 it 
follows that this quotient is is irreducible. 

(v) Consider the case {ki,k2) € D L\. By theorem 15.2.31 there exists a 
singular vector of type £2 in M^j^^fe^ It generates a submodule isomorphic to 
Affci.fc2 (^2)- This submodule is irreducible since, by symmetry arguments, it has 
the same structure as M-^^^^j (triv). 

Consider the quotient QkiM = -^fci,fc2(triv)/A/fcj_fc2(£2)- By theorem [5. 2. 31 there 
is a singular copy of t; in QkiM- Denote by PkiM the submodule generated 
by this copy. By definition, this is a module of lowest weight tj. By theorem 
13.2.31 for these values of parameters there are three such modules: ^'/^^^^^(t;), 
^/ci,fc2('^/)/A^fci,fc2(sgn) and Lk^^k^{tm) ~ Mk^^k2{^™)/Mki^k2{£2)- Since there are 
no singular vectors of type sgn and £2 in Qk^M^ the submodule PkiM is isomorphic 
to Lk^^k^iji)- 

Using the symmetry of the sequence of the dimensions of h-eigenspaces, one can 
show that Q ki M / -^ki M is irreducible. 

(vi) By theorem 15.2.31 in Mfej.fc2(triv) there are singular vectors of types £1 
and £2. They generates submodules isomorphic to Affej_fe2(£i) and Affej_fc2(£2) re- 
spectively. These two modules intersect each other by a submodule isomorphic to 
Mk-i,k2 (sgn) and generated by a singular vector. By symmetry reasons, the quotients 
Mfc^,fe2(£i)/iV4j,fc2(sgn) and Mfe^^fc^ (£2)/Mfej,fc2 (sgn) are irreducible. The quotient 
of Mki,k2 (triv) by the union of Af^j ^^ (£1) and M^j ^^ (£2) is irreducible for the same 
reasons as in parts (iv) and (v). 

(viii) By theorem 15.2.31 the space U' is empty and hence, by proposition 15 . 2 . ll 
A/fei,fe2 (triv) is irreducible. □ 
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and S. Chmutov for many comments. 



References 

[BEG] Yu. Berest, P. Etingof, V. Ginzburg, Finite dimensional representations of rational 

Cherednik algebras, Preprint arXiv:math.RT/0208138 
[BEGl] Yu. Berest, P. Etingof, V. Ginzburg, Cherednik algebras and differential operators on 

quasi-invariants, Preprint arXiv:math.QA/0111005 
[BMR] M. Broue, G. Malle, R. Rouquier, Complex reflection groups, braid groups, Hecke alge- 
bras, J. reine angew. Math 500(1998), 127-190. 
[Br] E. Brieskorn, Die Fundamentalgruppe des Raumes der reguldren Orbits einer endlichen 

komplexen Spiegelungsgruppe, Invent. Math. 12(1971), 57-61. 
[CE] T. Chmutova, P. Etingof, On some representations of the rational Cherednik algebra. 

Preprint arXiv:math.RT/0303194 
[De] C. Dezelee, Representations de dimension finie de I'algebre de Cherednik rationnelle, 

Preprint arXiv:math.RT/0111210 
[DJO] C. F. Dunkl, M. F. E. De Jeu, E. M. Opdam, Singular polynomials for finite reflection 

groups., Trans. Amer. Math. Soc.346 (1994) 237-256. 
[DO] C. F. Dunkl, E. M. Opdam, Dunkl operators for complex reflection groups, Preprint 

math.RT/0108185 

[Du] C. F. Dunkl, Differential- difference operators associated to reflection groups. Trans. 
Amer. Math. Soc. 311(1989) 167-183. 

[Dul] C. F. Dunkl, Monodromy of hypergeometric functions for dihedral groups. Integral Trans- 
form. Spec. Funct. 1 (1993), no. 2, 75-86. 



20 



TATYANA CHMUTOVA 



[EG] P. Etingof, V. Ginzburg, Symplectic reflection algebras, Calogero-Moser space, and de- 
formed Harish- Chandra homomorphism, Invent. Math. 147(2002), 243-348, Preprint 
arXiv:math. AG/0011114 

[Go] I. Gordon, On the quotient ring by diagonal harmonics, |arXiv:math.RT/0208126| 

[GP] M. Geek, G. Pfeiffer, Characters of finite Coxeter groups and Iwahori-Hecke Algebras, 
LMS Monographs 21, (2000). 

[GGOR] V. Ginzburg, N. Guay, E. Opdam, R. Rouquier, On category O for rational Cherednik 
algebras, Preprint math.RT/Q212036 

Department of Mathematics, Harvard University, Cambridge, MA 02138, USA 
E-mail address : chmutovaOmath . harvard . edu 



